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. . PREFACE .
. . W R * g ) - / T '
“ ~ Most of the mathematical techniques-that are in use today were devgloped
to meet 'practical needs. . The elemehtary arithmetic operations have obvious .

uses in eve;ryday life, but the mathematical concepts which are introduc<

1

:di{l,

N the junior high school level and apove are'not as obviously useful.

The School Mathematics Btudy Group has been exploring the possibility

‘of introducing some of the basic concepts 6f mathematics thrdugh the ude of

some simple science experim;nts Several units wére prepared during ti e i oL

. summer of 1963 and were used on an experimental basis in & numfer of c.ass-. ’

& A S On the basis of the results of thes tri‘als, .
these units were Tevised during the summer of 196k. .

This text is designed to be useble with any mathematics textbook/in common

rooms during the following year.

use. It is not meant to replace the textbook for the course, but to upple- -

'ment it. Previous acquai_ngwh sc«ience_Qn the part of~the studdnt is -

N ,u.nnecessary. The, scientific principles involved are fairly simple ang,

00'59 explained as much as iswneéessa,z;y in the text . Each expenme-rrt opens a door -
inear fu.nctions 2 graphs, translation .of

# axeg, the distributive property, a:cxthe solution of equations

that student learning and understandin§ will be improved through the use of

this material“' v R

° into 8 new domain in mat}rematics!
We hope -

. °

7 * -
- 7 ° B -
The experiment# have all been dong in actual clagsroom situati-ons.

.,....m.,\

E\rery >
effort has been made to make the’ directions for the experiments as clear and s‘

gimple as posslble. The_apparatus has: been kept to a minin;um .« ! * ) "“
9 » H . s
) ) The writers sincerely hope that this _approach_ to mathematics will prove
Y both useful and interesting-to the student, = . °
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N - N Chapter 1 ’ T
' : OPEN. SENTENCES AND BQUATIONS , T
~ . ' -
oo . ! ‘ "o
. 1.1 ZIntroduction . o . L3
- ) -~ : WL Vi

In this chapter we shall pérform an experimént to .learn how to solve . <
problems by expérimentation. E'very'v'one Hes played on a seesaw at one time qQr- —
another. You know that a small boy sitting at one, ‘end of a seesa¥ can balance
a big boy who sits closer to the fulcrum ort f.he ot,hep Bide. The fulcrum is

v

the point at-which the seesaw is supported. . .

»

3

Can you tell exactly how mhch closer to the fulcrum '"b-heh'big bo;' must sit
to balance the mass of the sma’ boy at the other end of the seesaw? Do you'
thifik’ that the masses of(the ‘boys and their distances from the mlcrum are )
lrelated somehow? To be able to answer these questions properly, we must knowcw

El

..ore about the geesaw. -~ Lo ;-

. * v ‘ W ;‘M’: “’e
® . In our first experiment, we will set up a miniature seesaw. In observiné %“
how the seesaw operates, we will discover a rule which will %ain the way it -7
works, and then try to state this rule in mathematical fom. [

'e‘
. . A J . Kt
- : LA

1.2 The Seesaw Experiment R

.
A simple model of a seesaw can be constructed from-e meter stic}?; spring

clempy triengular file and Dixie cups. Make a supporteby placing twg six-

ounce Dixie cups upside down on & blpck which is about 8 inches long. *In

order to be sure that the meter stick is supported'at its midpoint, clamp a

spring paper clamp with the 50 om mark as close to the center of the cleamp as

+  possible. Insert’ a. 5-inech triangular file in the hole of the clip 'so that one -

_.edge of the file is in the upright pdsition. (S/ee Figure 1.) . ,
- - ¥

, .

» sy,

> m:mmm;nwmfﬂ
351:453r :

‘e e - . " - -
- ~ ] » O NN *
ERIC BRI R .o
.
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The cups serve as-a support when' the triangular file is placed across N
then. (See gure‘:z +)’, The stick should settle in a horizontal position. If ~*
it does not, place small pieces o;t‘ modeling c;l,ay on the end of the lighter
" s¥de wiffl Yt doks velance. Tlet us agree that the meter stick is balanced
vhen it comes to rest in a horizontal position. We need some device to indi-
_ cate when' the, stick hes i;et}urned\g_thyﬁ‘ orTzdntal position after having been

L ‘.
oy, - L, 1

=" | W,

A J

. 7

. . ‘e Figuree
‘ “~ v I3

To determine when the stick is horizontaa., we shall use two g - inch .~
dowels which are at least 8 inches 'lomg and two chunks of deling clay. -

Stick each dowel into one of the chunks of clay so that the dowe]s stand ina -

.v5ertical position. (See ‘Figure 3.). Place one of the upright dowels behind
the balanced meter stick near the right-hand end of the meter stick _flace

N . Figure 3 -

the other upright dOVel in a sim.ilar position near the left-hand end of the .
,meter stick. RNow place a small pencil inark on each dowel stick 80 \that the
pencil mark and the top edge of the meter stick are in a horizontal Line of *

o - ’ ~

. ) ) , .

. .




J' sight. Measure the distance from the table top to the i>encil mark on each
dowel. When thesesdistances are equal, the meter stick is horizontal. Bend .
. Daper clips to serve as hangers for the weights. Open the paper clips so |
they will 'slide easily on the meter stick.” For ‘ch:.s par’c' of the experiment .

we shall need'10 grams (2 Afeignts), 20 érams (2 weights), 50 grams, 100 grams,

200 grams (2 weights). -

Begin the experiment by hanging a mass of 20 gm on each side of the ful-
crum 30 oy from the fulerum. (See Figure 4.) Does the stick halance? Slide
€ach 20-gm mass to a position 10 em from tlie fulcrum. . Does the stick balance
again? Now move each mass to 40 cm from the fulecrum. you. notice that when
we rplace objects with equal masses on opposite sides of the fulcrum at, equalg
distances from it, the st:.ck always ‘balances'? . .

% . . |‘—p-—-50€n\' + . 30em ﬂ & .
i o
. ' . '. 20.gm ) % 209,.‘ . Lo

47 ; . -

.

‘¢ Figure k4

}An eicp%rimexiter may wonder, however, what might happen i the masses on
v eithéf siZle_ of ‘the fulerum are not equal. To\’_answer €his question keep the
"20-gnt tmass at 30 em from the fulerfim on the Tess side. Attach a 30-gm mass
‘on the Tight gide, 30 em from the fulcrum. (See Figure 5.)" There is no belance
- now—,"since the right side of the stick tips down. Can you eyxplain why? -

:' Nm:.d-ewthe 30—gm mass closer tm the ﬁllcrum u.n‘cil the s;cick is bal-
anced. A% wha‘c‘*&lstaqce d0€s the mass ‘of 30 gm balance: the mass of 20 gn v .
- placed 30 ‘em’ from ‘the fulcrum" Do you find that the s%aller mass placed )
farther away from the fulcrum balances, the laggger mass placed closen to the ¢

ﬂlom?

P

" ERIC | . w oo
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\7 Choose two objects with different masses and place oneg mass on each side

., of the fulcrum. Now slide them back and forth until you get a balance. For

[

instance', use 20 gn on one side*and 50 gm on the other. Did you notice thai’
‘no matter what pair of masses you use you éan always balance tl?é stick by

*

S placing the masses at “the right distances from the mlcrum? o

. Thebe observations lead to the conelusion that hanging objects with
equal masses on .each side of the stick at equal diftances from thé fulerum
v_ill make the stick balance. Different distances are needed to achieye a

, balance.when the masses are unequal.
”

Our purpose is to find a genexal rule which describes the relationship
between the mass and the distance from the fulerum so we can tell in advance

. o where to place one object of known mass to balange another object of knowm

mass.,

- To estgblish this relationship, further experimentation is needed.

.

/ A -
To keep the experiment simple, use the same object (200 gm) in al2 the

Therefore, perform several trials (experiments) in a variety of situations. §’

trials at a fixed distance (6 cm) to the qright of the fulc xum. (See Figure 6. )

Then balance it in turn on the left-hand side with 120 gm; 60‘ng, 30 &m,

/ 1+0 gm and 200 gm. ©Slide each object on the left back ‘and forth until the
stick is balanczed ’ LN
For convenience, let "m" represent the mass of ahy object that is hung’

.on the stick and "q" $he measure of the distance from the mlczq,un

Perform the first trial. Remembér we place 200 gm at 6 cm to the right
" ‘of the fulcrum. (See Figure 6.) Hang the 120-gm mass on{the left-hand side.

‘Siide it back and forth until you find the distance from the fulcrum at which °

the stick balances. Then read this distance to the nearest cm anci record it

- in the first row of your teble. (See. TabJ.e 1 ~) I B
Lo oy L 3 R )
/ffzmm /Jf . 7 xeq distonce écn. -
- ‘. . »

-
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_ I .
R Balanced Meter Stick .
- T — — : e
. Left sige - -~ Right side
_ Mass in Distance from Mags in ° Distance from °
| Trials ) ‘grams fulcrum.-in em ™ grams fulerum in em
) m Y | o m a .
_ oo . .
T oIx ) '§o : ' < 200 6 - T
-| 30 - " 200 ‘6 :
w o} ko 1 200 6 '
: 7. . . :
v 80 _ : 200 6 .
o« - . . - . C e
. Table 1 ¢

. . . . .
In the second trial, keep the 200-gm mass at 6 cm from the fulerum as
. was done in th§ first trial, and hang the 60-9:1 mass on the left side. 60
grams 45 helf the mass of 120 gm. How far my from the.fulcrum msgt the
60-gm mass be to get a balance? Check you.r guess by reading off the distance.
Ehter this distance in the second row.

Repeat the same procedure with 30 gnm, 1+O gn and finally with 80 gn. Be
“ sure the stick ‘.ij exactly in a horizontal position before you read the dis-
tance on the left-hsnd side.‘ As you perform the last three trials, do not
forget to read the corresponding distances snd récord then in your tablé’.

23

s Study the numbers recorded in the left side of you.r ta'ble. Is there any
connection between the mass of the obJects -and, their corresponding dists.nces
from the fulcrum? Ccmpa.re the mass and distance in the first row with the
’ mass and distance in. the second row. Notice that the value of m decre&sed to
one hglf its origixial mass, nimely from 120 gm to 60 gm, and at the same time. '
, the value of the corresponding distances doublcd from 10 cm to 20 em. Compare .’
the numbers in the second .and third trials The distance dfchanges as the
, mass was decreaséd from 60 gn to 30 gn. What is the ratio between the’ masses ;
" what is the ratio between the mstching dists.nces? o ‘ o, "' L

)

- - e ¥

The table shows five different pairs of masses andndistances which make
. the #tick balance. For ingtance, in the first trieal the mass of 120 gm at
. 10 cm hag the, game effect .28, _the. mass .of 2607gm at 6 em. How are the nunbers
s 1n thegé pairs related? You might guess that the product of 120 X 10 equals =
theproduct of200x6 or,'l20><10‘ 200X6 R

o~ )
In the’ second trisl the mass of7\60 gn at 20 cm has the same effect ag -

. o
hd - . ’

,
n
Juae

3
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themassofEOOgmat6cn. Theproduct6Ong20cn=2005n><6cmagain.

\

1\

Do you find that the product of the mass and its distance on one side’' : .
nmst be equal to the,product of mass and distance .on the other whenever the . - 7
: - stick balemces? , ‘ ’
- + Let's check: Co " ‘ ! .o
P ~ .
‘\ Left 'side {Right side -
"1 eeial’ . ‘Mass - “Distance . Mass . Distence.
. T S v
. II1 : | 307 40 = 1200 200 X 6 =
e . 0 ™~ g ‘.4
Iv » 4o x 30 = 1200 ... 200 X 6 = 1200
o v .l 80x15 = 1200 g A"joox_6=1200
3 : After proceeding down the table ¢hecking ‘all entries, we conclude -
< "the following: "Whenever the stick balgn@es, the product of'mass.and dist " o

. tance on one side equals the product of mass and distance an the other side."”

e B In this experiment, 'wheneVer. the stick balanced, the. product .of the

" messes and corresnonding distances was elways 1200 ¢ * The table verifies this
* result. This resu.fca-n be put in pathematical forn by the sentenge

ot uaXd = 1200 w“nere Tm" represents the mass of the .object on the left-hand
A " end of the me‘cer stick and R represents i%distance froa the ﬁilc*'tm

In the exoeviment , the product of the measures of.the mass and its .dis-

. tance was 1200 in all cases because we vere always balamcing objects on the
" lert side with, the mgss of 200 gn at 6 cm’to"the rig‘ht of the fulerum. This
- meant that when an obJect was 3usnended on the left side, it was nece,ssb.rx to

Rl ’

siide this object along the%eter stick until the mass of the obJect times
. ".its aistan became equal to 1200. : A
- - Ve e .

. ! Our represénts only one example of how to balance a seesaw. ’"'
“Am( two obj can be balanced on a seesaw, provided thHat the product of the
f méss and the distance on one side is equal to the product of the mass and the o,
: distance on the other side. 'I‘o verify fhis statement, consider the fo]fé'd'ing
s iy Pmblans e - ’ ’ '. ' ’ 3: o ¢ 'J
DU ﬁ’{s (l) At 10 em frcm -the fulerum, how large a mass will balance a mass
] el - of 30 gn which is 20 cinfrom the mlcnnn? —

. e Y
Lt Eollowing 053' rule: 30.X 20 = ? X 1(. . This is satisfied by a
mass Of 60 gm. Check it on yoir meter stick instrument.




. > - ¢ b R
. . (2) Where should ve place 300 &1 to balance 90 gm placed 20 em from,
the mlcnm? Find the di-stance by susperding 300 gn from the §
7
- : stick on one side ?d 90 gn 8t 20 cm on the pther until you get

_ & balance. ' The distance is obviously 6 cm, since 90 X 20 = 300 % 6. °

In sumhary, ve conclude froh our experiments that i the product 6f the
mags and distance on one side of the fulcrim is equal to the product of the
. mesé and distance orr the other side, then.the seesaw ‘ba.lances. .

Exercise 1 ' .

. 1. Below is § table of values {rom &n experiment vithea seesaw. Masses vere

s o L hung or the right-Hand side
. Left side Right side to balance the 6 pournds at
— . - e Distance 8‘cm to the left of the ful-
, ' Mass of frem the | « N
. ’ objects fal enm. Find vhere we should
. N in pounds ‘in e . Place the masses shown.in the
) B d @ = LR , table to balance £ pounds ’
6 8~ 122 - k " placed at 8 < frem the
' _ | 6 8 2 . tulenm. /
. ) .
6 8- 8 ‘ 9
J 6 8 . 2k _ )
16 8 | 16
6 8 . 6 . '

‘\

2. Find’ the values for the masses 'and dibtapces in th'e given ‘table if you
vant to balance 20 gn at 1k < frcm the fulcrum on the other side.

) ngn 20 - k0 0 . 50 [

R -. ‘4 =, e . 15 30

o . .

-~

23 " How far frm«;the fulenm sbould 8 20-@: nass be piaced on the left
. side to ba.la.nce a ho-g:::,mafss placed 20'cm fram the fulerun on the
\ i right side? )

, k, A boy, vhwe nass is 70 lbs, rode a seesaw u;i.th his father, vhose mass
is 175 Ips. Ifjthe faxher sat b.ft frem the ful'cnm, where must the
. ‘boy- si‘c to jbalange the seesaw?

a -
- “Find the nissing values\in Pro‘blens 5, 6 and 7. .
’_:.‘n o '\\‘ - . . .
- ' . ‘ * * N . :__, -
e — s 2~ 3 . :.'\:\"’ .

‘ . . 7
d . . 7 - - Ty
' i Q) ;
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30 gm . . 60 gm

-—12 P B———r— 7 ——,

N T

250 &

f

Is there a place on the seesew '-mere 8 sihg.e nass can be ‘v_aced end 2
balence obaa.ned" 4 so, whet. is ;.ne distance of the mass, "ran the
mlcnz:zz T e ‘ . ¢

e W

- [

/1.3 - Kumber Sentences

' In. the gz_'evigus secticn we Zound how one c;an balance 8 'seesaw supported
at its cemter.. ‘Dif‘fe_rent messes were belenced with & 2ixed ness of 200 gn at
6 @ froo the fulerun. The resul‘ were *ecorded in tabuler "o*-.n @‘i'nen,
fron this table, @ rule ¥as developed and expressed {a the mathenaﬁical form_
' . m Xad = 1200 .7 e
vhere "n" represents the mass o; any objec‘ that is pl&ced on the stick and
"3" represents its distance frco the f‘ulcrun

‘ ° - - ..
The-‘mathematical lamguage which uses the number sentence to sfate re-
':lationsh_ips is the language used by the scientist, engineer, mathematician

and others to commicate ideas to one another. The numbeér ‘sentence

S O . % -

. e m X d =1200 . *
is 'an 11lustretion of this forn. This form allows great quantities of in-
- formation to be stated in a simple mamner. For exemple, mxd= 1200 15 e ;5.
-~ ‘zepresentatiqn of. gll the dte Tour T thE Previcus experiment amd in
Exercise 1. Furthermore,' it vas not necessary: to set up an experiment for '
ead‘quro'blén in Exercise 1 dfter the re}a 1onship was detemined Fote, too,
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that in writing this sentence qniy.five symbols are used,,“m" "'x"c:’ "gif';'":“l .
and "1200". S oLt N
. - . s .

Just as sentences are used in. talké.ng and writing to discuss our every-
-day experiences, sQ\sentences are used in science and mathematics to, describe
and explain. For instance, you are familiar with tHe following sentence
The diameter (D) of & circle equals twice.the redius (r). This can be stated
in mathanatical form as "D = 2r". This is Just as good as “Johnny is sleepy
today”. The former sentence states the fact that in_any cifcle, the dismeter
_is twice the rediis. The latiez; sentence states the fact that Johnny is

sleepy today. ~ . A
ST

There are meny other séntences that ma?ke statements ‘a:bout numbers and

ERE

quantities. However, not all sentences make statements about qii’anf.ities ‘that

g,re equal For example, "Five is greater than three". As-a number sentence

thds is, mtten 5 >3. The symbol > is read "is greater than". ¢ Likewise, the

symool < is read "is less than" and is used in mmber sentences such as

Three i§ lesd than five", written 3 < 5. Another symbol scmetimes usé&d is'

read "not egual to", and written #. The set of symbols, =, £, >, < are the

A

-t

, These sentemces are examples of mutber sehtences.

P
e 2

verb ohrases commonly used in writing mathenatical sentences. "’hese verb
pnrés&s s\,ate '€he reletionship involved bet’.reen the word phrases~ “You are
familie: witn sentences such 3s "The'sum of & mumber, x, and eight is twelve .

t.i.s verbel sentence can be stated in mathgnatical form by seying x * 8 = 12.
Similarly, ’

. q . - -~
*,, Nine is grea¥e? than *he sum of three and four: 9 >3+ 4
The product of three and five is fifteen: s 3°5=15 "
« - Tventy-one is less than the sum of eight and fifteen: '21 < 8 - 15

The product of & certein number y and three is not ' - R

equal to six: - ’ - yx3£6°

A

. . . .
For exsmple, the first gentence, x + 8 = 12, consists of twp expressions,

"y + 8" and "12". These expressions are not sentences, they are onl:,LpBrts

SN

bf a gentence and are ce.LLed p ases. Then the difference between a senténce
and a phrase is tha‘. a nhrase does not ‘make a statement buf -2 sentence does.

. % .
. L s .

.
. . -

1.k Fumber Phrases -

Iet us return to the first two examples of phrases, x + 8 and 12. N#tice

that m.represents only; cne specific number whereds x + 8 can represent §ay

’ R ? .
P ¢ .
,, I . . , : - .

.\) ) . . - ‘

E

.
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number, depending on the‘value of x. For instance,

-,

P

¢ . " s e g
; if x is 3, then x + 8 represents 11 ~
if x is 8, then x + 8 represents 16.

A number.phrase is a name for a number. \If thé phrase represents a *»
specific number, it is called & closed number ;ghrase‘(or more simply, a closed
phrase. For example, 19, (3 + 2), 38, 2(3 + 0.5), (h X7 -1), ete. are
closed phrases. 3 . s

* 7/
Number phrases which do not represent a specific number are cailed open -
» number phrases, or more simply, open phrases. The value of the phrase de-
pends on what number the symbol in the open phras:e represents. For example,
3x + 2 represen’ts 5 if x is 1, but it repregents 14 if x is 4 and 32 if x is
104 . : o :

»

v

\

L3
. Exercise 2

1. Translate each of the following number phrases in‘co mathematical symbols:
' A(a) The sum of the Zgmber x and l5 N > -
1. "(b) ‘The product of 8 and FO . ’
(¢} One fourtk,of the humber x. . ’ ,
. Sd) A number which is 4% less than x. . .
(e) The aivision of 18 by x. P
e (£), ‘I'hree greater than x. . .' . . ‘ "»s ’ :‘._,;’
(g) One less than two thirds of x. ‘\) .
(h): The number x less' than 23. ’ s

2. For each of the number phraseg in Problem 1 find the mimber repfresented “ -

. -t ®

' iy by the phrase 4if x = 12. g

- . “

: . .- , I,
P . )

~ ) . N [ ,' l'" s ; ~
1.5 Parentheses /, . . . & o °

Assume you are faced with a problem such as the following:
"Find the number represented by the open [phrase 6 +8n, if n is hot
Then, replacing 4 forn we gét 6 +'8 X 4. This is a numerical. phrase. What
number does it represent? If you look at it one way, you might say, o ', ‘ e
. 6+ 8 is 14 and 14 X 4 15 56. .
"I'herefor’e, the numerical phrase 6 + 8 X 4 could represent 56 . However., if we
look at the phrase another way, reading it fram right.to left,’ -
8 X k=32 and 6"+ 32 = 38. A :
Thereforé, there seem to be two possible answers. In order to elimina.tf the

> ‘
P - ' , 7 .

’ .. ' . 18 lo < 0»4 .
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poss'ibiﬁ’ty of calcula'ﬁ\ng the value of an open phrase in various ways, the
following mathematical rule is defined:

. ; "In dny given expression where there is a multiple operation,

RS

< we agree to multiply and divide, before we add or subtract."

N o Applying this rule to the: above example, we find the value of 6 + 8 X &4,
by first multiplying 8 by 4 which is 32%and then adding 6. Therefore, the
correct answer is 38.°

Tilustrative examples: " ) <. . ) .
1. How would you' find the value of 8 - 12 £ 2? Here the division is done
before the subtraction, so 12 +2 = 6'and 8 - 6 is 2.

N . N 3 . .
.

-] e. Find the valu€ of the closed phrase 4 X 3 - 6 =2 + 1. Remember in this

case the multiplication and division are done*irst. Therefdre, ‘
b X3 =12and 6 £2=3. So4x3-6%+2+1 can be simplified to S
12 - 3 + 1 which is 10. PY
3. Consider a problem from arit.hme‘cic.. Subtract 2-from 15 and add 3 to ‘cl‘qe

difference. Translated into mathematical form, 15 -2+3. This .
problem involves only subtraction and. addition (no multiplicatlon or ’

FIRY

- "+ division in it). Im,s:.mphfyu.ng, you can take you,r choice. ;Q: can ‘

read from left to right, 15 - 2 is 13 and 13 + 3 1s 16, or you
start to réad from . right Jto Jleft, -2 + 3 is +1 and 15 + 1 15716 BotlL

N . 'ways give the same number, 16. . e . >

; , S
\ . - '
In working with the phrase 15 - 2 + 3, we must be careful to sibtract P

» only the 2 from 15, apd not the sum of 2 and 3. To avoid similar confusion,

., 'we use symbols "( )", called parentheses. This meens tlffa‘q_when we enclose L

»

"(5 + L)" ve treated as .a s:.ngle number. For example, to subtract ‘che ‘sum .
of 1& and 3 from 18, you write 18 - (% +3). Th'at is, (& + 3) is treated as
a sfngle number, 7, and subtractlng the 7 from }8 ve get ll ’ . ) a

o>

Using parentheses, there should be no ,difficul‘cy translating the follow-
ing problem: "Multiply the sum of 2 and 6 by Ln in‘co the symbolic form
“(2.+ 6) x k. Treating (2 X 6) as a single number, you get 8, and-8 X k is 32.

On the other hand, working with a phrase like 2 + 6 X L, parenth.eses are
npt needed since we agree that multﬁsplication comes first before addition.
Therefore, thé product of 6 and 4 is,24, and 2 + 24 = 26. Notice that the two
phrases, (2 +6) Xk and 2 +6 Xk, represent two different numbers. The first
is 32, and the second is 26. 'One final note: a numerical ‘phrase like . ',
(2'+ 6) x k1is often written without the symbOl "x", as in (2'+ 6)4. Here"

< . -

. St o1g o S R

a1 w

, *a numerical phrase suchas 5 & in parentheses, we intend that the phrase ' - \( o
|
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L i the operation of multiplication is implied . ., .
SIS S ’ 5
) - ” . These expressions are but twa methods ised for indicating the operation
) i . of,multiplication. We have already seerr this done in such expressions as 2r,
e & :

‘which Is reéd, ntwo times the number represented by ", Similarly, When we
:“"wri.te (5.+6)k4, it ‘is understood that 14» is multiplied by (2 +:6).

3 * . N

X o Thie most commoti, forms for 1n‘dicat1ng multiplication are as. £61Lows :
- o4 A . . »
3 oo D e ek -
e LT (b} S '

.. et T C (o) a(r) ‘

.o L. > ' . 8
ST e " _(d) 2 7r . i (o
A
R Forn b) 1s noy acceptable when r is a numeraln. For ex ple, 28 means twenty-

eight, not 2 i:imes 8. The dot of form (d) srould be us®j in this case as 2° -8.

In Section 1. 3 the: number sentence m X ‘4 = 1200 could have be'eh‘written’

< 'md = 1200 if form ‘r;) is used, .. 7 e

o . There are, fewer expressions 'used for division, only 3 forms being co
used. EVeryone i.s familiar with the form r & 2, which is Tread, "th number

; ,represen’c‘,ed by . &ivided by 2". 'The other twq fo:rgs use short line segments.
One is 2 and. the other r°/2 . ! '

i A B -

e o =
1. Which of ‘he folld ng closed phrases name the same number? R
' - . 1 9

(a) 2+U4x5a d§22 . : .

S .2 (b) {2 + k)5 and(30 . :
\,, *.u"«;r (e) 2+ (kx5) a : -
) (@) b+3x2ama %+ 32 - .
.. . p \
(e) 5%8+73aa (3 803 . -
. .
L. (D) 32—:—8-i+and Xh+s S
- 2.. Place’pareni;heses in the following so that -
. ' -3 2 o
= a) 2 >< 3 + 1 represents 8 )
- ——zﬁ-(-b)- __&J L3 represents o ‘ -
‘; ” _ {(c) 6 X 3 -1 represents 17 ¢ ae
i ., . (@) 12 -1 X2 represents 22 - .
e . . Py . <
: ) (e) 18 - 6 + 3 represents 16 , . . . .
. L ) . ‘

o o > : . <L
ERIC. - . 7 -

A

e




,:i e A . . ) ' o o o . . i .. ”
Z 3. Find.a ’num'bex.{it for each numer:l’.ca]: phrase : ) ‘ T '
: s

(a) 5x8+7 C (0 (a7 - 6% . o, .

=) o6+ 1 T @R s R
. (¢) (9 +1)(3 +4)y - . . - .
. (@) 6+ 2 h - (h) 9@ *3) - (8 +.2) PN ~
> (e) lh - 3,‘x 2 ’ (1) o(v “"“3')‘”-"'8 + 2 : - , .

" b, Using parehtheses, rewrite the following closed phrases so they repre-
sent the same number. For 1nstance, 2X5 + 6 X 2 can be written

-

(2 X5) + (6 X 2) and both represent 22, - N -

(a) 3+8-4 ' .
(b) % X6+ 4 ! \I o T
. N -~ . »
(e) 3'’x5-bkex2 - " <. ) .
(@) 36+9+5-2. | . CooLR .
o ot . i SN
v - ¢ ' -t @
1.6 Distributive Property of Numbers A . B
- N H
. N Another property of numbers can be described by using parentheses. How -
would yotf solve the following problem in the simplest possible way? T
’ : " A peat markét sells steak for $l.29 a pound. A woman B

bought two“steaks; one vfeighed 3 lbs, end the other, 2,
» 1bs. The total cost of the two steaks can be computed

t - ..

in two ways:

(1) 3 x $l.é0 = $3.60, the cost of the larger steak’ . <
‘ 2 x §1.20 = $2.40, the cost of the smaller stesk
, ’ $6.00, .total cost ) " T
or, (2) Teke the total weight, which is (3 +2) pounds, and T e
T : multiply 1f by $1.20 . L, o BN o

3+2) $1ao) 5x‘$1ao $6oo

Do you agree that in computing the cost, , the second method ’is simpler?

- 1T .

Two strips pf a carpet,. one m suring 3 ft X 8 ft _the

Consider another problem: \ . - o

bther 3-ft 5('12 i‘t, ‘are se'wed together to make one runner; “K
- - . N WPl ~ - - s T T o~
R -- or a-single piece. " How many square_ feet are "there in the
5 l . runner? - . . ) ‘
- - 0 N
‘ 1 b <
- x " - 3
ad . A T ¢
' 3, 3

. . " ; K . : ‘
FRICe .0 o R . .
. ‘ oy, Lt ! o .

¥ - .
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*
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| 3 284 ag0¢| + | 36 sqfevd = 3 60 sga =T .

AP ~T§=ef§_—q‘ L —12f — T)-— (8”2)’% ——qn '

. . . ~ - ’ v ¥ 2 hd

L ‘ From the 1llustration, it can be seen that the sumx‘ ) T . |
: ‘f‘:'\\‘,‘«;ﬂ,'..‘ = of the .two pieces 'is equal to the {mal pieces, . :” ) "
. - ;'ﬂ"“' * . 3x8+3x12—3x.(8+12) L. -

) ' that is, the area of the first piece plus the area of T Y ' %
s » . the second piece is equal to the area<of the runner. R

. T s
\J T T Y

Thése problems 1llustrate the distributive property of multiplicationg
oler addition. This property .can be further 1llustrated by the following ey

.t X

. product:  ~ ~ - . - ‘M: - ?. N
. - ’ ‘ / . :f

T X 13 This may- be written as v . . “f.i

~o7(10 + ;3). ) Notice that 10 + 3 in the' parentheSes E @ Q‘:- .‘.

. . . requires multiplication of the sum. - ) Q -

o ) This product is * o, 1
’ . =7Tx10+7Tx3 . Co e

. . This indicates that the multiplication LT

* =7+21 has been distributed over each temm in R “N
la thé sddition. . ‘ : R

Z

w o - - ',;.
’

w7 - The neame “"distributive property of multiplication over addition® is ’,." . ;23
d usually shortened to "distri'butive property". We can state 1t in a general .,.%
‘ i form as follows : "For every ’number 8 and ev'ery number -b and every number <, ;
) i‘ a(b +,c)9—axb+a><c . Y
v . ! " LN
U ‘ Study the folloving examples carefully. In one of them, ‘the distribu- e,
e “
i “tive B property applies; in the other, it does not, .« . e
FoT --8(3+2) =¢8x3)+ (8x2) ® Here the dist Yroperty ?7 *
3 _— ) ET P Rl
N - ) does apply. 'Nﬁtiplicat on is LT
-{"? - ?"; i ) . Fhad \\

distribyted over addition. B (,';'_.

. VB 4 (3 x 2) }\‘(8\+ 3) X (8 + 2). . Hére the distributive’property . e ,,-, 1oy .

—
T
St

does not apply. Addition is not .
distributed over mult,iplication.

. \ N
. J \
2 ) \ “

’Ihe distributive property of multiplication over addition is frequently used
in matnena&ics 1\




o : . 5
In the following examples , to further your understanding of. distributive

property-, compare the v\'l.ue of the indicated product with the value.of the

indicated Syt ' . N ' )
Indicated Product © . Indicated Sum , R
T, 8(4 + 3) = 8(k) + 8(3)
- 3(200 + 20) = * 3(100) + 3(20) > R

, ' 5(26) - ., = 5(20) + 5(6) - . .

Do 6 x 5% - " Els) + 63 [ —

‘Thissillustrates the changing 6f an indicated product to an indicated sum.

* Here ig another exa;nple:» L o - ; - :
4(10 + 2) =’l+(1q) + 2). a ’ I

It is alsp correct .tcachange an 1ndicated. sum to an indicated producj; by use
of the distributive propem‘,y. %;For example, N . ,3, e - Co

' T Mo ) S k02T Lt g

% ]

Again, compare the value s therind‘icated sum with that. of the ﬁ.ndica;ed pro- X

Jduet in the following' & s L. R N ¢, —
~ . Indicated Sum , " Indicated Prodiict o
. L . .
_ e : ) . <
e 15(8) + 15(2) = 15(8+2p - e -
a7y +21(3) S o=t a7 +3)” . . c
. , . . \ 13 . . Lo —
T - Exertise L U . 4
1., *Wnich of the foll;wing problems are indicated sums and which are indi- T4
. ca‘&ed products? a : . L -
e g™ 5 . . , ) s
(a) " 3(8 +5). L @ M3+e T v "
“(b) «3(8) +3(5) (&) 7+(3x6) - A - &
(8) 2(6) + 2(3) Ao e, Co
2. Ibcpress the following indicated products as indicated sums and indicated -
- sums ‘as indicated products: A « v . ke . d; "1
a . . .\ L) . N . }
3‘ (8)"4»()4-7\" 3) 3 ’ ‘ A : S " . R [ -
(®) 9(34 + 6) co S . .
~ . . ; , |
2 2 - . |
. + S(4 . . .
* <\(?) §(8) 3( ) . - . . - , |

"oo(a)- 18(3.2) +°28(.8) , . K




your method.

7

3. Perform the.indicated operations the easier way. ShoWw
Illustrative Exsmple: . v ‘

t

110(8) + 110(92) = 110(8 + 92) or 110(8) N 1fo(92) = 880 + 10120
e C - 110(100) = 11000
, > = 11000 ' . ' ..
. 12( 9 - ' . ‘ o
3 .. —(%)4— 5 %) .. o ) . .-:.:T,;
Si1 +9) - ' o .
.’ . {a) 0(’1‘7_? 83) | L : \ e
= (e) —(o’r9) . | o
§, . Show how you could use the distributive property ‘co perform the multi-
: p]_icetion mentally. - . . -, v /
£ o - ° Examp]g: . R - . " '
- ‘ 6 x 28 = 6(20 + 1) A I T
- ' " e=6(20) ¥ 6(k) ¢ . s
e u A /,f = 120 + 2k
".:'; . - B . | ‘ -k ‘ ’ :
A " A ro ’ / .
- (8) 1(22) o ' ' ‘ |
) v (b) 12(33) ‘ ’ .
" o(e) 15(36) R T o
¢ .

< -

. . )
s * 1.7 |[Translation of Open Fhrases to Word Phrases

- o
3
. ‘. ?

. Nutbers are often used in talking abdut things . For instance, the num-
ber three can refer to 3 books, finehes 3 3 apples ; ete. This does no‘c mean

that "3 books" is a number. In the same way,’any number, n, can be used to
4 b ta:;Lk about thingd like n books » 1 inches, etc. Remember when we say *'n books",
4 ¥e mean thatfin is the number of bocks. Similarly, the transletion of an open
phrase like 2x + 3 ‘to a,word phrase depends on what meaning we give to x. The

;’ ¥ number 3 must be given the seme meaning 'as that given to x. For instance, the’
i *' . phrase 2x + 3 can be translated\ in the following ways g ,
:;'- * - - | P _
:{3'; . } | 7
~~ %?’l e \‘J ’ ) 4
’ « ‘ Wi ! » * i . b
\ ! v . /

N Y S
. H - 7~ ) 4 ¢ s R ¥ )
: e 24. 16 . -
. e .- - 7

H I
Al ¢ <




" {v)

2x + 3

(a) nuiber of points
Mary made in a geme

number of poihts
Sue made if she
mede twice as meny -

as Mary

. .

,pumber of points

Sue mede if she
made 3 more than
twice as many as

Mary

number of bocks
Jim has i

¢

" mmber of books

.S

Peter has if he

. has twice as many

as Jim ddes

»

,

number. of books

P;eter has if he

has 3 more tﬁan

twice as many as
Jim does

As another exemple; the phrase -]-‘-a

BN a

, 2°

&

- 4 can be translated as follows:

%a-h

(e} length of s,
rectangle

the length of'r'a‘ o
rectangle if its

+ length is-helf that
of the original
rectangle

o

"che length'of’a -

ney rectangle if its
length is L units
less than half that

_of “the original

rectangle

(a) \ distance frem
city & to
city B

»

‘distance‘ from city
A'to ity C if

its dgistanée is
half that of the
distance ';’rcm .
city & to city B

d.i{tance from e¢ity A

to city D if its

distance is 4 miles
£ ' -

“less then half the,

distance from city A
to oity ‘B

L3N g

Thege ‘are the two translations of each of two phras%s. Many mqfé trans-

f‘ilations are possible for each phrase.

P

T s

7 .
- .

<

c you think of-a different way to translate the phrase 2x + 3 into a

word phras gt .

‘Exercige 3 -

,

How mény “trenslations of 3x - 5'can be made? ‘Give examples.

-




- ,:\ ‘,\‘ K i 3 ¥ o —' - . :
NN . R . e
n L. In the \following prob].ans s wﬁte a transla‘cion of the phrase to a <.
o o . " verbal phra . E
T @) e g IR
Y & - (0)on:6. at+l ‘ ey
. % (e).an _ ( 3 . . .
(@) 2n+1 : 8 x+hm e -
’ ) . T we 3 "Et'.-‘?‘?.
. Lo , . »f: oy -
: u- 1 8 . Trafislation df.Word Phra es Kzo %r:ses b . »
s . In the last secti\on-oben phrases ere ‘tranSla‘ced in‘co word phrases. We
) 5&’"’: notic%i ‘c\hé.t there.was not a single translation but, many possi’ble translations.
e For ’instance, the translation of the fﬁlrase 2n + 3 depended on thg meaning as-
) sigr{e@ the symbol n. - T .
"} It is also poisible to go the "‘Tother way, “and ,tr;an.sla‘ce word \phr‘ases into i
open phrases. ‘ . ’” . -
“Suppose you waﬁt to talk about: your age 5 years from now; 'l‘hi's is easy
. since you know your age. You might-reason as follows: ‘o .

- e The number of years in 1}\1y age_ﬁow is 13; then 5 years

- ' from now ﬁxy age will be 13 +-5 years. So, I can say
that in 5 years my -age will’ 'be 18 years.

t Let us say you want to talk a’bout Bill’s age 5 years from nowv. Suppose‘
ou do not know his age for su.re- Then you would say that the number of years
* ‘in Bill's gge nuw is x; consequently, the number of )Zears in Bill%: age 5

a

B

\‘-of years, in Bill's age 5 years from now. In this problem a word phrase has
:/" ‘been tranSlated (‘che number of years in Bi].‘l.’s age 5 years ,from now) into the
ymbolic phrase (%X + 5). - -

L hd

é‘\ o N
) h How would.you translate an expression such as "four more then a number

) y' into & symbolic phrase? In thinking about this ex'pression, you could say
. that we begin with a number y and add % to it. This suggests that ve'write -

4 -~ -
s

é-r.“:. y+1¢.‘ . - . . .

Cpnsider the ,following word phrase; "A link segmemrt 3 feet longer than'y®
another l:Lne segment n Our purpose is to write this word phrase a\s an open
pi?!‘ase. The number of feet in the first line _Begment is unknown. .Det "f£" re-
T resent the num'ber of feet in “the first segnent. Then "f + 3" geprgsen‘cs the
. - numbe;"of feet in the second segznent. vt

. ) ‘
- 18 BV

- years from noy i, x + 5 years. Notice the ghrase ' x + 5: represents the number

2




Translate the following word phrases to symbols'

(a)

(v)
(e)
(a)
(e)
(£)
(g)

Translate each of the following word phrases to symbolic pflrases:

(a)

(o) -

(e)
(d)
(o)
- A1)
(&)
(n)

For each

P
Write open phrases o represent each of the following: ’

(af

(o)
(e)
(d)
(e)
(£)

(g)

Ir thejsum of the numbers t and 3 is doubled, which of the followirxg
phrases would be a correct neme for the sum?
2t + 3 or 2(t + 3)

"If the number of years in Bill's age is now K wh'a‘c is the
of years in B:.ll‘s age 7 years. £rom How?

The number
The number
T}'leb number
The -number
The pjmber
The ilfuzber

The sum of a numbér X and 2

The number x decreased by 8

The number x subtracted from 15

The product of 7 and x

The quotient of a number 3 divided by x
The number X increased by 6 '
The number x divided by 2
One third of a number X

‘I‘he sumof an even number and the next even number
One half of the sum o‘f a number end 6
Séven less than 3 tlmes a number
Twice a number increased by 3

Twice the sum of 7 and 2

Find the total age of Mary and Sue if Mary is 5 ‘cimes as old as

Sue is.

{Hint: Let % represent the number of years in Sue's sage.)
The number of cents Mike has, i,f‘ he has x nickels and twice as

.many, dimes as nickels

-

-

Exercise 6

of cents in x_quarters_ _
of cents in X dollars

of years in Sam's age 3 years ago

of years in'John's age 4 years from now :
of feet in ¥y yards
of inches in b yards

of the numgev' phrases in Provlem 1, find the mnnber represented
by the phrase if the unknown, number is: 2k,



4 P

.

6. If 5 is -add.ed to twice certain number n and the sum i.s. dividéd by 3,

a
. . 4 . c,
> vhich phrese is the correct name for the guotient? . b
. 1
2n +.5 ° 2n " .
or - o=t . ' .
3 3t
7.  If one fourth of & certain number x s edded to cne third of four times

T

the same number, which phrdse'is the correct nzme?

. %(hx) + ;:—(x) ’ or é(x) + %(x) '

3 -
8. If the number of gdllons of milk purchased is y, which is the correct
4 @
i

- phrase for the fumber o quart tottles that wi

‘ Ly or L 7

. [N .
'
9. I7 & is the number of feet in the length of e certain rectangle and b
* .
> is the number ¢2 Zeet in tne wid:ih of ine same rectangle, which phrase
h :/ i{s the correct neme for the perimeteril. a
)
\ 2(e - o)- or et
- P11l in the blanke in the Zollowing predblems: ¢
. ? ® . M %
10. I2 x represents & mumber of kilcmetelers, th the phrase
represents the mumber of nmeters in % xilcmeters.
. -
il. A methemsticel phrase indicating the numter o dentimeters ip s zeters
| i N 8

) s . 1/ . .
12. Given & symbol & representing the pmuzber ¢? liters in a container, the
» . phrese represents the nmuxmber of =millimeters in thet con-

teiner.

13. The number of grems in p milligréds is .

N 1k,  The mmber of grems in t jilogrems is . )
“ . » .
15. Therefore, the sum of ¢ kilcgrems end w grems would be
grems. )

. .

16. The number of céntimeters fn k metez:s end n centimeters would be

A .
. - .

“ 4
. 17. ° Adding t centigrems to s grams would result in e sum of
] . . - . v
- - grams. . .
. > - ’, .
i .. 18. In a mixjure made up o? oxygen end niircgen, there are L times as many '

* . - . »
oxygen molecules &s nitrogen moletules. Write & methematical phrase
LI .
f for the number of oxygen molecules i1f there are b molecules of nitro-
4 s

gen. .

: ’ '}é
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- 1.9 HRunmerical Sentences ] )

’ In ..atnaat" cs we use senge'"cec ¢ mexe stetements atcut pumbers. For
*  instanee, co "der the Zollcwing exarmplies: = .
o, .~ ) X - =30 ‘ .
B a3y £ .
i >3
i All oi_’ these sentences invelve cnly nxtters. Sentences whlal msXe statements ¢
. about mmbers are called numericel sentences. ’
’ ... For éxmle, :‘r,e Zirst sentence "8 X - = 30 - 2" siates thet the mumber .
1 represented oy "8 X <" 15 =he seze gz the T=zer represenzed Ty "IC - 27, 'I:‘
is reed "8 X "- is egual W 30 - 27, end It ls e it¥ue sextence. .7
On the other hend, "3 = £ = 1.7 is elec & sentence. Tric sems grnce~=eXes
the sratement ket the nimber (3 - £ 25 l.. It is evsersny” :.'::stii:fé =9
© end certeinly Is met I-. Eowever, "2 - € = 1-7 g still & perfectly g .5en-
tence, tat 1T is e-Zelsesenverce. ’ -t
p . ’ r \‘ - N .
. L3
) ‘ Sxereise 7 )
- Indicate -'he"-e*-_ac.. o" <ne Zcilcwirg seztences is true or false;
1.0 (o) _3(z3) = 3(20) - 33 S . .
L o ) H(8) = s(2) = s(o) L
{c) 2(2-3)=2(2) -¢ .
5 P . .
Toa) BA(tx =3 L ‘
: (e} 5x6-3=5x"-8 ,
- (2) 32:x5-3=2x6-~ '
(g) »3:-8-£x8=18x7-23 - A
(2) 32x23--2x" = (27 x8) - 7I£) , ‘
3 N ' - e <
° . (3] . - . . v

Z
1,10 Open S,entez;c& . . -

¢ Consider the Zollcowing:

. . {e) is a studemt iz cur cless.
. S

-

.. - {2) is & seescn of <he veer. ' s

. (c) The coler cf ner hair is . ' .
(@) The su= of . and 7 is 1B, c e
4 7 P .

Y

These inccoplete sentences are exsmples c¢f cpen sentences. '.':'.;ey are

7 -
" .
. ERIC o .
e

. -




- - "—L>‘-‘»_
. [

. nedther true nor false until the sentefice fs completed. The set of elements
"that may be used ty.ccmﬁlmén&e is celled the damein of the open

. 4se’ntenee". Por example, suprese <hes the dcmein cf (g, is the set of nemes - -

‘of students of our cless. Tnen, when <he tiep:

member of the demain, we

g
-t E el & -'< - - ~ -
“deefin”in (t) is tHe se: (spring, surmer, Septemter, winter). Ifetke dlank
T

- - - - .
4n (t) s replaced by "Sepiember”, we get a “sise senzence.

demain Jer

-~
1%

- - - - < - - - - . = - e -‘. >

“--- $€ T2 SDecCla_ luteress., -T 18 comvenlent ¢ isg & symIi<., such as x or ?
o

l&re st

L
C
)
).
i
ot
n
.

thienerr 4 »
felse il x is replaced by & zecter of the domein ¢ tze cpen sentence. A

- - * . - - DR - = A Ce
sy=tel, such 28 x Or ¥ or =Pcr & tlemk, which cen te replaced Ty any member

cf &2 given set s called 2 ver

the varietle

e
, thet I Ig In the trush set. IT we replace y ty 3, do we

e ot

g
- Oziicusly nct, Teceuse 3 = € = 1L is e.”alse stetement. A Jew trisls wil

coavince yTu thet tne truth ser’ conteins caly the number 8.

— . - - - - . U .
e trath set ¢f en cpen sentence fs also called the.scMutidn set.
! L]
. - -~ - - 7 s - * - .
- Thus, the scluticn set of the Cpen sentence ¥ - = 1. Is the set whose only
. \ - ¢ -w - - . - - 2 - . - .
mester is the mimter 2. We shall alsc say zhet 8 is the 'solution of the
4 . - N = ~ - ‘
equation ¥ = © = l-. . .

~ Suppese we want e solwe (¢ Sind the truth set or soluticn set) of
? the open sentence x = L > 5=. If ve sssume x is a verfdbtle whose dcmein is

the set of ell reel nimters, the cren sentence would state that e numter x
N

Qo . 39 '

ERIC - -
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Az .
increased by one{8 greater than 5-;-' For what numbers does the open sentence

beccme a true sentence? .Test to seg 1if’ L— is in the solu‘cion set. A little
thought us that-it is not, because the statement L— +1> 5— is not true
Certainly, any number less than h-— will also not be in the solution set. How-
evez:, any number greater than hl will be in the solution set because if it is

increased by one, the sum wiXl be greater than 5- « For exsmple, 4.6 is &
solution because i -

. =1 ’
N ' S 6 +1>5 > .,
is a true sentence. Therefore, the set o; numbers greater than h-— is the

solution set of the .nequality x+1> 5

Open sentences afe not completely specified until the domeain of the
variable is given. Since in ms‘ mathematicel questions the domain is the set
of alil real mmbe*s, we shall --equen‘ ly cmit meking eny spec-;-c statement
about the demein. We meke the foliowing agreement +IZ-the domein is not speqi-_
fied, it is unders.»ood to be the set of all real numbers.-

nb.yéical proolems, the dcmain cemmot be thé set of all real numbers.
For exemple, in the seese.:-r problem we found md = 1200. Here, the demein of
-d is the set of positive numbers between 0 ang 50, because the distance from
the fulerum can be et ‘é‘ne zost 50 cm. For instance, if in the o riginal seesaw
experinent we asked at what distance from the “ulerum should a 20-gzn mass be
placed to balance the 200 gnm at € em, we might do this: Let 4 be the distance;
then® ’ )

‘20gm><dcn-=200gn><6<:n=l290@n><cn. ,

It seems that d = 60 cm. - However, this enswer is lclear]\y nonsense. It is im-
possible to balance & 20-gn mess on a meter stick ageinst a 200-g1;; mass placed
at 6 cm frém the fulerum. The mathematics gave a nonsensical answer because
we did not specify the domain of 4.

N~ or

In sumary, a number.sentence 1% °

" (a) en equation, if the number phrases are comected by the symbol
"=", meaning equality;

(b) ‘an inequality, if the number phrases are connected by any of
the s.ym!;ols, #, >, <; these symbols ave verbalized "is not

equal to", "is greater than", "{s less then"., -

The set of x}mnbers Which meke an open sentence true is called the truth

set or solution set of:the open sentence. To solve an open sentence means to

find its entire set of solutions. The set of solutions of an open sentence

-t
L4

Aruitoxt provided by Eic:




1

m&y contain one member, or it may contain seversl members . ) e

.

- ”~ - !
* - r
,

- When the sét of solutions of an open sentence has been found, we say _
¢ N \ pt

t

that we have solved the problem. ‘ -
& Y M R Y
- ! Exercise 8 .
1. In the following prozolans assume that the dcmain of the variable is .
the set of all real numbers. Use your knowledge Qf arithmetic to -

fird -the solution set for each of the open sentences.

(a) x+3=5 : .
(b) y+3>5 \
(c¢) 4x =12 *
(@) b {12 '

'

.-

(e) %=2 . . -
(f}- b'+8<lO' ..

2. Replace the box ﬁth & number that will make the sentence true.

() T} #+3=12 J ) L .
(0) a+ O =8 / ' ‘ . .
23 : . “‘( ‘ . )

(¢) ¥x d+2-=
(a) +x OO '

3. In each of the following examples , select those eleménts of the domain

which make the open sentence true

- (a) x+ 21= 12 (8, &4, 6}“.}.&) is the domain of x w ~
(b) 3x=12 {6, 2, 4} iS the demain of x o
(c¢) 16 -.y =10 (8, 10, 6§ 15 ‘the domain of y

@) . P +h=8 "o, 2, 4} is the domiain of x

L o

b, Let n represent the number of pecople that g?! & the local movie on

- ‘Saturday night. What is the domain of n? ¥ an1 tickets cost $1.3%
each, and tile total collection for one nigh‘c is $235 25, ‘how many people -
bought tickets? <

N .
«

5. Let g represent the number of gallons of gasoline you buy at the filling
station. What is the domain of g? If eaax gallon costs 30]5 and you pay
$2 76, how many gallons did you buy? '?;t "

6. Let P represent the number of people whowgo to ; dance at which only 30
couples are admitted. What is the domain of p? If each couple must be
accompanied by a chapercne what is the domain of p? '

¥ 3
. 2)4' s$ * N -~ * e
~ 32 .
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¢ 1.11 Eguationsg and Inequalities -

The previleus section dealt with open sentences. 'These senteénces in-
cluded relations between .quantities which were equal, unequal, one greater
or less than the other. Because of its freguency of use, the class of rela-
tions that are equal are called by a special” name, Word phrases ‘
connected by, the word phrase " = " state this kind of relation.

entences gtating equality between numbers.or quantities are called equaticns.

equations .

Therefore,

The relation between the _values obtained in one of the Balanced Meter

Stick experiment was

2

120 X d = 200 X 6 .

5 .
The value d was obtained experimentally.by sliding the 120 gm mass to bring

the meter stick in balance. The yalue of d was found to be 10 em. This value

of d is the solution of the equation

-« : * 120 d

1

200 X 6

.

If the ;é, >, or < relatlon connects the word phrases, the sentence is
called an’'inequality. S}lch ‘a relation éceurs in the precedlng experinrent if
the meter stick is not balanced. if the 120-gm mass is placed at a distance
greater than 10 cm from the fulcrum, the relationship can be deserlbed as ’

120 X d > 1200 .

Likewise, if the mass is placed closer than 10 ‘cm, the relation be,cdmes
120 X 4 < 1200 .

Both relations are described by the statement
' ~ 120 X d # 1200 .

These are examples of inequalities. The important.thing to notice is that .-
"any statement which indicetes that one number or quantity is not equal to
arpther is called an inequality".

- , s

/ 7

Exercise 9
Express in equation form the followiné : ¢

1. Assume the cost of gasoline is 32;5 per gallon, and Cyreprese/nts the
' total cost of gdsoline in cents. Write an equation for the total cost

of n gallons of gasoline.

. , . -
2. Write an equation for the cost 4 in dollars of n gallons of gasoline at

324 per gdllon.

g
N

o ’ ) . )

- ¥
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| Write in symbolic form the following statements:

Ze *,
e .".3. . The diameter (D) of a circle equals twice the radius' (r).- -
. ‘o k. The perimeter (P) of a triangle equals the sum of its sides.(a, b and c):‘ .
. 5.  Wnich of the following sentences are true and which are false?
(a) 5+(8+3) = (5+8)+3 ‘
(b)) 6+ 4 f2(k+1) '
v r (e) 5 +2=3+14 . s
. (@) 3.5 -2.9¢f23 ) . R
X . . . ;
(8 83 A8y T
) ’ 1,11 o . .
‘ () 3%F 232 : . ‘ : )
‘ ' 6: ‘ Write five true s-ent‘ences involvir;g each of the symbols,‘ .
! X < > k)l *} ;

7. Write five false sentences involving each of the symbols in Problem 2.

Q. JPut a numeral in placé of the symbol D so that the sentence in each

 case will be true. - -

“(a) O +1=7
A . () O -3¢s ¥ e .
) (¢) 3x O =22 - 4

‘(@ 6+ 0 <2 ‘ o

9. How far from the fulerum should you place a 20-gm weig}it_ on the left

) + side to balance a 40-gm weight of 20 cm from the Wight
‘ side of the stiek? (See illustration.) , s

} : 740 —\——+\—Zoom.—>| :
' L l _ ] v ]
L '1‘ e 2. ) /- ZOW ; ) o # . /-ﬁg}; . Wy ,' . ,.

-

- E . ° R .
10. "How far from the fulcrum should you place & 20-gram mass on the left
side of the stick to get the following inequality: T

‘ "ﬁ.‘\
, . " 20gn X ?em <40 gn X2 cm ? R
% Cob
- t Toget 20 gn X 2 cm > 40 gn X 2 em ? iy -
'\'Jg . e
) ‘i Can you get more than one answer? : - o IR
- 3. . s e
, .
- * !
1 N . . ‘l
- N ' 26 A .
O ' M

/..7‘ | i - -, |
‘ ‘ . ' 3‘{. ‘ ) I v .




1.2 Finding Unknown Masses by Brperinent " : ¢

The balanced meter stick can be used in performlng other experiments. ¢

' Recall the rule that was obtained with the seesaw experlment. If the
product of mass and distance on one side.cf the fulcrum equals the, product of
mass and dlstance on the other side,. the meter stick is in balance. This

rule can be used to measure the mass of any object, for example, a piece of

s

’ &
* - rock, -

. - . £
[N { ’ i ’ .-

Start by setting up the meter-stick‘instrument Just a5 was done in the
3
seesaw experiment. (See Figure 7.) . .

»
i
N

»t

\‘ | : . Figure 7 / ' o
“ b

) At{ach a piece of string to a small rock so that it can be hung on the
e paper clip hooks. * Have the standard masses at hand.. Time can be saved if a
- standard mass with approximetely the mass of the rock is selecte&. Hold the,

rock in one hand and a standard mass in the other. Select a standard mass

¥

v

which is approxrmately the mass of the rock. .

Hang the rock of unknown mass at a convenient distance from the” fulcrum
on the left side. Use any convenient distance such as 20 om., Then place the

selectgd standsrd mass en the other side at about the same distance from they
fulcrum (See Figure 8.) ' , D

[y

'r—Zom—-lr@:—MS.fmce»{ AU
[ l . 30 — ] . 7o [ i L] I .

o Nt s T . B gn s
.'u ° ’ \ ' °
. s v
“ 2 Figure 8 . .
< ' -l ' . - :
\:1 ] . . .3 ¥, ' ) . ’
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L g ' ° )
; DIM you get a balance? ' ' o S N

. v

_ Follgw the procedure used' ine t% seesaw experiment. S}ide the standarr}"
© - “mass closfr to or further away from the fulertm until you get a balances Then
. Vo
o read the distance to the nearest cm between the standard mass and th*!e%;ulcrum.
Write it down on & sheet of paper. Suppogg it turned out to be 18 cm gnd the
! standard mass 100 gm. If thé rock used 45 not exactly the same as your part-
- r;érs’, the'distance”‘;;:g@f;ead off will also be different. Co

o L -
*, ' The 'next proble'%fis to find the magnitude of_ thé mass of the rocﬁz&
[ Actua"\l‘ly, your balariced% meter stick is* an excellent i\llustr’atioﬁ of a ph;r’s;Lcal \_
’ model of equality. Whenever the me’te;' 'stick balances, the product of the mass
- on one side of the stick and its distance f:tom the' fulcrum mﬁst be equal to

the product of jMe mass and its distance from the fulerum on the other™®dde, *

regardless of the masses used on either.side. This physical model of equality ¢

can be deseribed mathematically by an eguation. In this case, the equation is )

- , mX20 cm = 100 gn X 18 em . . . :

m" is a’‘symbol that represents the mass of the object. What is the value of

R If ‘( . —
o mX20 cm =100 gn X 18 em " -
then . » )
. - ' ) mX20 cm _ 100 gm X 18 cm .
. o 20 em 20 cm . 7.

’

If two quantities are equal, they can be divided by the same magnitud’e and the
quotients are still equal. For instance, if the mass of 40 golf balls is equal
‘to the mass of 30 tennis bdlls, t;oth masses can be‘'divided by 5 and the -
quotients renain‘equal: the weight of 8 golf balls is equal to ‘the weight.of

3 g
6 tennis balls. By the same token, L. .
. AT X 20 em = 100°gm X 18 cm, then , S '
— g . L s . — i, e - . - P €« " .
. m X 20 cm _ 100 gm X 18 cm Simplify both sic%sg(. + Any number or
20 cm 20 cm ‘ magnitude \divided by itself is 1. -
- 100 gm , ¢
, mX1ls= X 18
' 20, . 20 , com 5
_ 50 X o - l, or 5 =1, .
~ - - m=5gnX18. . . .
) £ G0 gm " ’ e‘cé._ 13<zr1=m .

"The mass of the object is then 90 grams. To check t’xa‘c this answer Is correct,

substitute 90 grams for m in the equation. '

) "g

(W)
<o
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100 gm X 18 em

N m X 20 cm

1]

90. g X 20 cm = 100 gn X 18 cm ‘ =
. . 1800 gn X'em = 1800 gm X'em

“ This shows that m = 90 gn is the solutlon of the\equation. If these values R

‘'  are used in the seesaw expemment‘ the mass of 90 grams at 20 om from the * ‘)F
3. ﬁzlcrum would balance the mass of lOQ grams at 18 from the fulerum. Could K)
- any other answer except 90 grams fulfill this cond tmn" . d

-2

, Suppose we want to éﬂ nd .the mass measure of a\piece of rock. To simplify
, %he amthmetlc ‘involved, hang the rock o urrknown mads at 10 em from the
fulerum and us¥ a 100-granm slldlng mass an the other $ide.

Then the sliding mass may be moved back and forth un‘sil the stick settles in -

a horizontsal Z)osi_tién. Suppose the distance frol the fulerum measures 6 om.

- Set up the equation: . * m X 10 .em
. "\ s

Divide both sides Of the equation m X 10 cm _

by 0 em - <0 10 em

Using the associative law,of multi- m

plication ' <!

, .
The mass measure of the rock is 60 gnm. e

1

X . A o,

) . Exércise 10 * .
oL - . Cf
N - “Find the mass of a stone by using the meter stick instrument. Use a

}\/ procedure similar to that Jjust described. Place the object with the unknown .'
mass on ‘bhe right side of the stlck at 10 cm from the fulcrum and hang the 100~
’* gn sliding mass’ on the left side. Read off the distance when the stick is in

A ( A h ‘-1
’ . ' 29
| ) '

EIK\[C - ) ¥4 ' ' o,

- s . o -
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balance to the nearest cm. Determine the mass of the .objecf in grams. Repeat

o~

this procedure using three other unkhowm masses. ! ' -

- ' s
.

. 4

1.13 Multiplicative Inverse

"

-

Suppose we have the problem of finding the mass of enother object. After

?’)
’ comparing its mass with that of ‘the standaerd mess, it is found that the .mess .
- . *
of the object is approximately the same &s that of the 100-gm standard mass.
, It is necessary, to find the actual mass of the object. .
Place the objedt .4t 7.5 or -1‘25— cm on'the left side of the fulerum and the
100 gm at about the same distance on' the®other side of the fulerum. (See
Figure 10.) ' : .
- A
- '} * <
, i " /5 - .
, , 30 40 P 60 70 ’ .
: ) & /\ [] 70 gm .o )
wgnonn mass F : :
\ . \
Figure 10
After sliding ‘che’.lOO'-gm mass back and&‘orth, syuppose we get a balfapce at
) 6 cm. « R - ) .
. I‘.et X.represent the mass of the okject. ' Then, using our rule, set up_
an equation as follows: . .
£
. N —lg—cm'XX=6cleOOgm ’
In" this problem we are supposed to divide both sides of the equation by 5 .
'I’his ey seem to be a complicated computation. However, mathan&tici‘dns
have a be‘cter way of solving this type of equatlon by using the multi«plicative
inverse. Let us eon51der this concept. ,
’ Perform the multiplica‘cion» of the indicated numbers:
o~ R & N
4 . 1
AN -2- X 2= , .
a2 3 i
S 2 .
372 $
. 1 .
N x el —
,- 3 . 5 5 '
\ B .7 § ) . . -
« - BX7" .. & ‘ 3
30 .
O

ERIC
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. Do you see any pattern in perfonning\%b\e\x'_nultiplication? ’ '
d . ]
* Look at these problems closely. - Nogice that in each 1nstance we multi- % -
plied the number by another number such that the product is always 1. This
pattern leads us to another property of numbers, namely, "For every number, . ,

except O, there is another number called the multipllcatlve inverse, suc¢h tha‘c

> -

the product of these numbere is always 1.," For example, - ,
o ’ él-><2=1_; o .
hemee;y 2 is the multiplicstive inverse of. % . In the second problem,
R T -V | N

3 X3 =1 @ v

.
. -

Another name for the multiplicative inverse of a humber ig the reciprocal of
a nuznber, for example, instead of saying that 8 1s the multlpl::cative mverse

. of ~8, we can say that 8 is _the reciprocal of ~8 Also, -2: is the reeiprocal

of % Finally, it is tr-ue that the product of reciprocals is one. The re-Y
e . - . EY “ - .
ciprocal of 1l is l be_qause'i X'1l=1. . ~

What is the mul‘clpllcatlve inverse of 07 Do you.know of any number that

: ‘multiplied by O equals 1? Let's see® s T
. '5X0=0 ©
) - 0 X200 = .

.
.

In fact, we know that the product.of O and a‘ny, number is O. Therefore, O has

« ® . I} ‘ .
no multiplicative inverse. :

1

) Examples . State the multiplicative inverse in each of the fo“'.l.lo»ﬂng:“w -
, : ) ~ 1 S

XT7T=1 , Answer: ,-7- ;

. . - §
g X =1 . Ansver: g '
Y v .
T * e . R l . " Me-
’ a X =1 * Answer: 2 if a is not O

Py

" In summary, every number except O has an inverse with respect to multi- ",

plication. We ecall this the multiplicative inverse. In 'the nex‘c section we

will show how-the multiplicative inverse can be used to solve an equation. °

- 4

7

.

-
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(e) 776

()] (1) 3
§< -8 - - ’ 3
%0) i (£) X. ‘ -
h: ? 1%. «t.' . l .8, (J) a+1
(c) ‘Ej" ‘ : (8) 3\/ > i 1
(@ . S (m) b - (k) 5‘2'
d 1l * (h .
8 . - . (1) 1 3
p ; o T (1ice)
. S e
1:1% Solving Equations‘ . r b
’ uvwm.u"i'ffe ‘problem in the prev:tous section stated )
.. u' '~.> lazanx‘x=6cleOOgm. .

This~equation is solved when X stands by itself on the left-hand side of the

", 1 -
equation. To obtain this 1 -2 sem b .
q ! ’ m‘g}i%p V2 Y 5 em ’

the .multiplicative inverse of “1‘22 em ;

15 &n '
.. 645 m) % = IX. .
.To keep our equality, we mus‘c multlpl'?“tkle other side of the equa‘clon by
-2

5 om also.

et
,,7;'4'"" ~

The equation then becomes v ) )
h - 15 am
| . 15@) X = (°) 6 m x 100 gu
2 I C‘m = - 3 )
i (l5cmx_§—‘—._;)x "(1 X 6 em) 100 gm
: 1y - 12X 100 m
.- H - . 4 15
f P ‘ X = 1200 an
15 . <y,
" ) . & 3
: X =80 gn
s mean L 12
This means that 80 gm at 5 om from the fulerum balances 100 gm placed At
6 cm from the mlcrmn. -Check it on your meter stick. .
Exam Rles Find the solution of each of the following open sentences,
.then check your answer. . . i <
T ¥ ' h !
.
- - ~ 1Y

4

LN

- Y
\
. e

”
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- Illustrative Exemple:

£x =60 , o
b 43 4 Multiply both sides of the ‘ <
| (3)'5 X = (360 . eq’uation by L -
. o ¢ ¥ 3 0 the mt;lti
L 3., _ 240 plication inverse of
(5 X H)gc = &2 i

3. , .

E)
j
>

I}
&

-

3

/ Check: , If X = 80, then the left member is -5(80) = 60, and the right member
is 60. Therefare,, 5(80) 60 'is & true sentence, and the solution
PN . <
« . is 80,
Exercise 12
1. Solve the following by use of the multiplicative inverse.

< () 12x=6. Aa) 15'=%y . (&) .§.a=% '
' (b) 7x =14 (e) -

L ek

=2 St (w) 1m=§
=t (1) 2.3y = k4.6

. e
. ¢ W . ‘.

_' 2. Translate each of the 'foilowfng sentences into symbols g.nd then solve
" the, equation for the unknown. - e . )
7 (a) The mumber x pyltiplied by.5 1s equal to 30. e x
- . (b) When a pimber ¥ is divid& by 4 the quotient is 9.
A ) (c) The product of ’-,27 and the ntnn"t>er a is. 28. L.
S () Jane ‘bought x stamps for 3£ each. How many stemps did she buy
o, if she paid 60f4 altogether? 3

% (e),nHow 0ld is Susan if 9 times her age is 637 o,

d’;l" B8

. . . a ’ .
3. Fin’g the missing values in each case: ‘

. 7 '

A —_**_””'_7i1 o
SN Ty S T
e - qu———!#——ﬁ“—5ﬁ“*—FH
7//5 o . 304s.
ﬁ" dow — 7
T i

{‘i;; . Wl &g ), ’ F im ég .
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Do you suppose a 90-pound girl could ever 1ift a 1000-pound box? Justify
. your answer. ' ; . ' ) "

A child whose weight is €0 poﬁnds aske@. his father, whose weight is 180
. pounds, .to ride a
, balance the child if she sits 6 feet from fulerum? ‘

N

seesaw with hin. Wnere should the Zather sit to

A bar 6 feet long is being used,‘és & lever to 1i®t a stone. Wnat i

*
the weight of the stone i? a boy weighing 100 pounds. pushing dowvn
one end of the bar which is L faet frem the fulenm Just balances

ston® on the other emd? c— .

1.15 Summary .
¢ 5 AT R v \ -

£
this chapier provided daze

The experiments in
could be determined for talencing e seesew. To ©ind <his relation, i< wes
necessary to learn ebout nutter phrases, word phreses and vert phreses,

- - . ° r - . . »
word phreses and vert phrases gave us en open sentence which was the mathema-

. ¢ - L .,
ticel expression of the experimental deta. It was' Pound thet tfhe open sentenge .
stating the condition ¢? talence 0 the seesaw wed en equality tetween two

quentities end, therefore, an equetion. telence,

woen the seesaw wes Dot in

the open sentence was an inegualfzy’

Wnen the mess on the seesew was en un¥mown, the truth set or soluticn

set of the equation wes not ctvious. It wes necessery ¢ solve en equetion

s

to determine the velue ¢f the mess. The properties of the multiplicative

inverse and equaliiy were used o £ind the sclalation o?
4
] i

the equetion. .

-

X

2 . e eem - - -

.’P-
Y]
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¢ AW TYPEROMERTAL APPROACE TO LINEAR FURCTIORS .
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o
-
5
3
&
ty

gz

At this time we vill investigate the bending ¢ e Teex es the Zoed upon

. i% 15 chenged, We will use the seze teex thrcughclt the experizent. It wil

be clemped in the szme position end elweys loaded Srom the seze nXint. By

2ixing the beez in thi :az‘z.e:-, we are ir g positicn ¢ é:::-:l;-' <ne releticnshin
between the bending c? the Teex and the emcunt cf loeld. This

factors Srec entering direetly inic the experizerz

. used as a pes=. Tpere skould Te e szall hcle in the ruler eboul cne ineh

Zrom the free e.:.»: Testen 2 plece ¢ sircng threed I the ruler end pess the
free end through toe hole, Tme threed will fe ised for erteciing loeds 2o -he
bee=. Tc meesure the tending of e tesm, we will sizply recg:-i tbe cherngling
. positice ©f the free end o2 the tees es the lced Is chenged. - You zey ind thec
scme form of e pointer srrangesent, such es ? streight pin festened ¢ the ’

. -

~“ree end, will Te nelipdl. . x =

o

Support & zeter stick rerpendiculiar s the
h .

. . s P
fioor so thet the positlicn of 2

®
®
B
O
(27

H . - -
the tek= can'te reed ¢n the.Scelie &s the lced
tharnges., The smeller mz=rers on iie n}er

stick shculild Te et the tcD. (Figave

s

i
.
'
(VY]
\ I
o
Nt
’
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First teXe & reading '0? the DOS

on o the heen with no load attached.

Hov hang a 30-grem ness i‘rcz’: the load point and seke a aew reading of the

Posiiion of the'end 02 the beem. Continue in this vay, adding 30 grems each

- - - - . -
time, until you have at lees: <en readings, Be very careful in reeding the

- - - M
position of the free end 92 ihe Tesm.

in the seme vey. Make your posision
>
neten.
.
Tou should ‘record your deta in

-1
velues erd the positicn readirgs you

"sight" along she pointer

tre neeres: temth of & centi-

erly Zeshion., Alcng with €he lcad

vee ©

such things as the type o?

extends cutwerdi Srom the tebl
icn ©f the enf o che teas <hatz

t

=
.
Tvpe ¢ tes=
woet
rd
’ \
\Erems;
°
8]
3
. . .
o
. .
v —

. .

ficw go back end —unm through ke

e 60-gre= =ess end continue Ty edding

Al

deast Ten reedings. Récord :these reedings

table aside for later reference Iz Sec:i

) -

2.2 Creghink the Sperizental Pains

N\

-«22 ve pow-exp=ize <2 Jszis’ we sse

P S

- .

teble peirs up & certain




value for the position (p) of thé end of the beam with a certain vilue (f) ot
the load. The table shows that there is a certain relationship ’t/etween ‘the
A 1cad and the position of the end of ’the beam. The value we 0‘0”tain for the
phsition of the emd of une beem depends or the loed that we hang on the end

of the beem. In other '-'ov'ds, our data is & set of ordered pairs. ‘As we have

seen before, we can represen ent ordered pairs of numbev's oy using coo*'d*r‘ate
paper. In doing the experiment, we have Geciged wnat losds to heng Ifrom the
besm. The resulting position of the’ end of the beam hes denended on this load.
The gene*‘a" practice is to meXe, tne first element of the “ordered n{a-.. the

—-- - ~messure -that.ve controlled. Thus, Zor this experiment, the first element in -
. * the ordered pel ;:'.l te the loed velue, and <he second element will be the
posizion reeding esso cieted with this loed value. Our ordered pairs Deccme
(1, p) peirs. Iz will de'helpful o lebel she horizontel exis the "[" exis

.

loed) end the verzicel exis tne "p" axis (posizion).

A sample o2 the ordered pelrs '-micb you might get Jrom <his exne*men:
= could lofk like this: (0, 20.0) (30, 20.5) (120, 22.0) (300, 2%.0). We
ent fret sp uniocaded beem to & Deem supporting & loed of 30D grems. t the

seme time, t‘ne pointer only moved Ifrom <ne 20 c= merk %o the 2k om merk.
-
L. '.7

We ‘ e going <o use the graph of these ordered pdirs o help us meke

. deé‘lsions a..ouu +he tenavior of ithe bending veam. In order for the grarz to °
give & good pleture of the sctuel experiment, eppropriate scales should ve
chesen 2or toth axes. In this perticuler case, the norizontel scale should

. g0 Srcm 0 wo 300 while tne verticel scale extends frem O %o 25. Once the .

Ge®s is proited, you probedly -1l have scmething which locks lixe Mgure 2.

. f

! ) 25 rl'—_."--————_——-——— =
{ez) | OO @) l
> © 0 1
I '®) O . o e
) = o) C
o bl —
~ !’ og. .
> “. ) 0 ‘300 ’ ‘
. ! 5",- - L . “ l (sm) i o
) A Figure 2 . ,
- ‘_ _:\';,‘_.‘_ _ ' L ”~ ' .
: - - 37 :
Q . ) L .
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'i'he only éection of‘the cooxdinate plane which is of‘interes\t'to us is
.that enclosed by the dotted line in Figure 2. We can z'nak;.even greater us.e
of the coordi.nate Paper if we use only that part of the graph enclosed by the
dotted lines. N v

.

e < g hortsontyl ara vértidal Tihes drawvn on the graph Paper are calleq ° +— =

‘ séales. These scales are not necessarily the axes of the cooé*dinate plané.
In Figure 3, the horizontal seale is a line above and parallel ' to the hori- *

zontal axis. The verzieal scale, however, isg part of the vertical axis. The

o

intersection of these two scales 1s not the origin but the point whose coor-
dinates are (0, 20).

. ; . ) - )
Whenever you plot data, you should follow, a method similar to the one

Just di'écussed. It is not necessary to draw two or more\éeparate graphs to
do so, of eourse. Examine your deta to decide upon a good scale to use for.
your grapn. Decide just where the graph falls in relation to the entire
coordinate plsne. Use only this part of the entire plane for Your graph of
the data. o e

— .

2.3 Connecting Plotted Points - .

”

Once the scale_s have ,been set and the data Plotted, we have the probleg
of intedgreting the meaning of the space’between these points. Examine the
set'of points you have Just plotted. Does their arrangement suggest anything
to yéjwf Suppose that during the experiment more load-position neadings were ‘.
made. , I; we had increased the loag by one-tenth of a gz:am each time, instead
of by 30 grams, we wqpld still find a new Position reading for each load.,
Actually %reading the change in position for such a° small load change may be
difficull‘a,lbut the fact that there will ke a chiange should be obvious. We
x;ow, have to decide how th_e posftion of the end.oi‘ thé beam would, vary with

e
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changing load. The variation is probably quite regular each time the load

is igcreased. Let us guess that’ the position would ;:hange only half as much
if th‘é increase in load were 15 grams instead of 30 grams There is no
reason to suppose that a regular change of position would not oceur between
Our first guess, for a model of the behavior of the end of
“the beam with changing load, would then' be to join our experimenta:l,points

with straight line segments. This procedure will give us something like the '
“graph shown in Figure 4. -

theg e points.

- The Best Line ‘ '

- -

This method of Joining our experimental points is ﬁerhaps not the best

2.4

model we can construct. Wmen we say that the beam behaves exactly like our

3d1ngs are exact.
think of any errors in your data” This graphvis also the result of a single

experlmental pomts, we are saylng that our Can you

trial of the experiment. 'The errors which ca&n occur may be great enough to
maeke this model meaningless. .For this reason, scientists and mathemati!ians .

do not like to draw conclusions on the results of a single trial.

If we were to repeat the- experiment a nultber of times and graph each

set of data on the same sheet of coordinate paper, you would probably arrive

at a figure like that shown in Figure 5.
our ability‘ to reproduce the experiment.

This figure shows us something about

(Do we obtain ",about" the same

ordered pairs a second and third time?) ' It also suggests that the '

'spread”

of the plotted points may be due to.certain inaccuracies involved in the

measurements, either in the J,.oaq value, the position vglue, or both.'

Perhaps




B the plotted "points" should not
é be pc;in‘cs at all, but small areass * ' -,
) Tt_m‘.s"last statement illustrates
that measuring instnments are .
\‘ not perfect. In fact, instruments‘
;‘. } designed to measure the aame thing,
p may differ among themselves. The
new ordered. i)airs that we get when
" we "reproduce the-experiment” point
ou‘-c that a single\person may get s
« different results even when using
- 'tihe same instruments for meking . ¥
repeated measurenents-
. . Figure 5 We can sui up the preceding - )
. : 0é}iscusslon by saying tha‘c there are
) at least two classes of error that must be considered when we meke any
sort of measurements, namely, instrumen‘cal errors and human errors. We can
’ cut down the magnitude of these errors by maklng our instruments as accurate
. " as possible, and then by using them as carefully as we can. However, we can-
notvelix;xinate the errors completely. Therefore, we should keep their existence
in mind as we interpret the results of our measurements., In this way; we can
. . usually see wha‘c fundemental rela,tions there are be‘cween1 quantities, in spite \. .
of unavoidsble errors. Lo ™, =
i ’ °What we are calling fundemental relations are the results e weuld pre-
e . \Eiict i;f we could be sure no errors in measurement had been introduced. L‘e‘c. .
. us cail an experiment-which introdyges no’error en ideéal experiment. We a,;;q'w*u“
. led tc the conclusion that the results.of an actual experiment, and the results ¢
of an ideal experimen‘c using perfect equipment and exact measuranents are two,
- : e.ntirely different situa‘cions. In our experiment we have a relationship be-
g . tween position’ and loed in the form of a data tabie and in the form of a
S gragh. What we desire now is a phy_sical model"“‘co explain the behavior of )
‘ " the besm.. The data from each trial, and tHe braid arrqngément of the data, ‘
' as shown in Figure 5, seem to suggest a straight 1ine. .'You mey not be able to " )
?"’ ) e . find a straight line which will connect all the poin‘cs for any one trial, but 5
'j ‘: " with a little practice, you sheuld be able to find a line which seems” to "best'; E
i.‘»‘ represen‘c all of- the data. This "best:h,straight line" w:ill be our phxsical <y
- model of a relation we'have "guessed". This line represents our model of an
. ideal experiment,, . ‘ - (I“ ‘ ‘\" | H ] g
. B - P
N . . . )
. Qo ‘" I ‘ 4 8 ) . : . , .
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"Once we :have decided to depart from .the experim_ental "facts" and draw b ¢
a pingle straight Vline to reﬁresent,op.r'data/, we have a graph sfmilar to} ) ' -
that in Figure 6. This graph Eives a pictorial relation of load and position. |
) Our problem now is to find a mathematical representation of this relation. '
‘ We now have a relation betweén load and position in terms of recorde;i dats
and a graph of this data. ‘We have also formed & physiceal model to represent
an ideal experiment suglgested by this da;ca. We now want to obtain a mathema-
tical model“which will describe the position of the end of the beam in terms ‘

‘ of load. This is our third step in the analysis of the e:_gp:eri;nent.

P ’ ' . s »In coz’nparing the physical model
. _you have constructed with those of’
- othet students, you mey notice that:
‘ different groups of students will Have .
graphs which start at different. points,
or differ in their/"steepness",~ or both, '
Can you thipk of any reason for these
differences? Check your data. Recall
how much of the beam extended out. from
the table edges. Did -each student "
have the beam extend out from th.e -
tabl& edge by the same amount? 'Was
. Figure 6 L —= the beam you L;sed exactly like the

- ) . beam used by other students? What was "
‘your "zero" x"eading, i.e., your reading when there was no load on the beam?

* .- ' Exercise 1

/s - s

l'.‘ Referrifig to your final graph of load-position pairs for the load

o ) 3 beam, is the horizm‘cal‘scaleﬁ drawn aldng the horizontal axis?
¢ )
° . Vvertical scale drawn along thé vertical axis? .
2. Give a. good reason why coordinate axes do not always appear én our .
" eoordinate paper. - . .

3. On a shee‘c'of coordinate ﬁaper, draw horizontal and‘ vertical axes with

‘. the origin at' the lower left-hand corner, Number the horizont'al axis
S " from O to 200. . Number the verti cal axis . from O to 10. Plot :che follow-
ing set of ordered pairs relating tenperature and time:

i ((160, 8.0), (170, §.6), (180, 9.1), (150, 9.4), (200, 9.9))
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v 5 Draw your "best" straight line through *f;he pointa plotted in Exercise k.-

-

-

i ' -
k, Make a neﬁ gi*aph of the points of Exercise 3 in such a way that the

graph nearly "fills“ the coordinate paper. Label both the horizontal

and verti cal scales.

<t

Why do some of the points fall off the line?

IfL the horizontal coordinates are the temperatures of’an JAron rod in
'deg‘rees' Centigréde, and the Vertical coordinates are the corresponding
times in'l-ninutes, is the drairing of the line Justified? @ ‘ o

6. Referring to the exercise above, what is the time correspohding to a
temperature of 165 C? What is the temperature corresponding to & time
of 9.3 minutes?

i

T. For each of the following, plot the points whose coordinates are given,
and then draw, what you judge to be the best line. Read, the y—value of
the point at which your line crosses the y-axis and compare the results

with your classmates. A

(a)\ (15: l7-5):
(15, 37.5),
(

(125, 52.5),

(25,020.0), (45, 27.5), (55. 30.0)
(80, 40.0), (100; 15.0), (120, 50.0), . -
(135, 57.5), (160, 65.0)

(0.2, 12:5), (0.4, 12.0), (1.0,°11.0), (L., 10.0), ~ .
(1.8, 9.5), (2,8, 7.5), (3.6, 6.0), {(Iey.k.5),
(5‘2} 3‘0), (5‘8J 155)

(8, 29), \

(0, 0), (1, 5), (2, 9), (5, 18)3(6, 22) ,
(9, 34), WO, 37) . “ D

.

(150, 33), (300, 31), (40, 31), (600, 32), (750, 31),%(00, 34),
(1050;" 33), (1250, 32), (1300, 36),,(1500,°33), (1650,%32) .- - |
2o Slope R g e
' You may reecall from your study of tﬁhe number line that the dis%a*e
. from one point 1o apother is the coordinate of the one point minus the cpor- T A
dinate of the other. For example, the distance between the points wh?seB e
‘ ‘ : coordinates are 2 and-T is 7'~
If the points‘ are not -on
the numher line, but. are points on[‘
the coordinate plahe, tlie question ofj

. _finding 'the distance betweensthese

dr 5.
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points becomes much more compli'cated. There are some cases, however, which

If the straight line which connects

are not too difficult to de&ermin;
the two points is elther horizontal or vert‘lcal then the distance

°
~

:;f:/
the points is again only the matter of.subtracting one coordinate - )
other. S . . :

We will first consider the case,of a honzontal line.

If every point
of a line on the coordinate plane ha; the same second element, then we define

this to be a horlzontal »line. ﬂI‘he line illustrated in Figu.re 8 is an example,

',/
v - -~

o of abhorizontal iine. What, is
- q,,r S L ‘ the. distance between ‘the two
. . points whose coordinates are -
I ‘7 k_ =4 (3,,2) and (7, 2)2" Let. us define,
) S s+ - the distance between two points
(1,2) -3,2) " - (7,2) '

4

: . on’a horizontal line as' the. first
L ' . - element: of one ordered ﬁair'sub-
- : .. tracted, from the first element

. K -7 ©Of the other ordered pair; that is)
X

o 7 - 3. Therefore, in this ex-

“ AT - . o ample, the distance between the
Fiéﬁfe 8 ° two points is L.

. . N S

For a vertical linre, we shall follow a similar procedure.
PO N

! If the or- )
dered pﬁlrs descrlb'ilng the points of a line on the coordinate plane all have

the same girst element, then we define this line as a vertical line.

The dis-
tance 'between/any two points ‘on & vertical line is the second elanent of one

ordered pair subtracted from the second element of the other ordered pair.

It follows, then, tha“r? the(g_,sjance between the pointsi whose coordinates are
: R

.. . (31)5ndj,35)155-lor)+
"T— (3,5\-).\\‘1 “,’,

o If two points have coordinates @
sieh that the first elementg™of °

. (3,4) each are different and the s;cond

’ 5 1= 4 ) ’ elanents are also different thah

the line drawn through these

N °

points is neither horizontal ner

2 13,1) vertical. The ordered pairs (2,3) -
s .

< and (7,4) determine"isuch a line.
As we scan this line (Figure 10)
from left to right, we notice that
T it slopes up. We might ask, at

..
-
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this time, if there is any way “to

compare ‘the, "steepness" of-the

slope of such lines which are

peither horizontal nor vertical.
Before we *ac‘cually answer .

this question, let us logs a

‘at the line drawn in Figure 10. e

If we draw a horizopfal line .

through the point whase coordinates o

are (2,3) ‘and a vertical {ine

through the other point (7,%),we

/
have two new lines which intersect
at \a new point. This'poin‘c is a
point of a vertical line which )
passee'through‘the point (7, 4).
By definition of a vertical line,

< - i
. . n \ tal t
.«//r.(éﬁ) i I(7’3) the horizon coordina ?'Of this
- new point is 7. .The point is also
' : o a point of & horizontal line, which,
. by definition, must have a vertical .. -

coordinate of 3. Therefore, the

. ] . coordinates of this new point are
Figure 1l ’ . (7,3).

The distance, on the vertical line, between the points (7,4) end (7, 3)
is b -3 = 1., This vertical distance ts often referred to as "risg". The
distance, on the horizontal line, between the points 2,3) and (3,3) is .
7,-2= 5. This horizontal disténce is referred to as "run": o, The ratio,
of the "rise" to the "run" is called thé s -]£2.. of the line. The slope of the
line'in this example is % . - / ’ ’ ‘

For a straight line the Usteepness" is th‘e same ’;long the total length
of the line and the slope will be the same between any two pdints we might
pick‘ The letter m is usually used for the slope. Thus, or a straight line

h .
L- e - i;e )

H

m= = a constant. b -

:

We note that in finding the rise. we subtracted 3 from k. These numbers
were the second elements of the original ordered pairs which we used to find




H}
*» >

the line.- The'rundwas determined by subtrgeting 2 from 7. These numbers
were the first elemeh@s of the original ordered pairs. From this it éppears
that 1t is not actually necessary to draw in the horizontal and vertical

lines through the points in order to fimd thexglope of the line. "

’ The slope of a line through'the points whose coordinates are (a,b) and
{c,d), where the second. point is tolthe right and up from the first point is

d - b-
e - a’

[S

- N »
As we scan this line from left to right,

»

we find that it slopes up.

. As an example of this procedure, suppose that tug points have the coor-
dinates (8,18) and ( (16,28). ( Figure 1e.) The rise will be 28 - 18 and the
run 16 -,8. The slope of this line will thep be o

o 285,18 10
. ‘ R T I E  T
. T +
S 7 .
- 28 . | \ P 16,28) 4'5
> ) d ’
24
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. ’ (8,18
% 7 (8,18)
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0 2 4 6 8 10 12 14 16 18 ‘
3 o -
’ ) Figure 12
. : Exercise 2 ) -

q ,} . - “ .
Y Which of the following two ordgred pairs determine’ a hor}zontal line,
a k)

a vertical line and a line which'is neither. K
1t - (a) €3,2),(5,2) (1) (2,3), (2, 2y .
: () (0,0, (7, 0) -1 (g) (561, 10), (562, 11)
© T (e) (10,-4), (4, 10), (n) (3, 14), (6, 28) .
‘ (a) (5, 6), (6, 7) - (1) (9, 8), (9, 1)
-, (e) (2,8), (4, 8) (9 (Q,8), (0, 5) ,
v _ 7 . -
.o : . .h5 ' - | L s
Q v : A . . . . .
ERIC - -, o o
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We know that thetratio of the rise to the run (the slope) will be’ the same

for any. two points on the lihe. #f we know the value of the, slo;ge’of a line
and select the point at which the line 1ntersec‘cs the vertical axis wyith
coordinates (0, b) as the fiyst point -then,

with coordinatess( f, , p) we havé™ - : - :
‘ bt -1 ”
Since fJ - 0 is the pame number as [ s ‘we could rewrite this sta‘cement R—— =M.
Mul‘ciplya.ng both sides of this expression by f we get ] 2
. X le_ =nj a0 x
But - {is the same.as 1, so we can again rewrite to get P
< B 1
- > - . L - ¢
. P-b= mf ‘
and finally -~ e N ) 3

was derived from our definition of slope and the statement that all portions
.0f the line have the same slope.

of this’ equation, you will recall that we began with two ordered ;pairs, one
. of which yas, of the fom (0, b).

1s a poifit. on the vertical axis.

. Tun, for the line determined by these points. S s ¢ ) ®
‘,(8.) “(2) 5)) (h’) 8) ¥ , “(f) (763) 763) (25, 25) N ) )
(®) (3,79), (2, 1): ‘ (e) (8, 7), (2] 5) .
() (8.5, 73 (9, 9) . “ (n) (8, 10), (0, 10) -
(a) (20, 10), (25, 17) v (‘i) (3 7, 12.6), (5 2, 13.1) e
(e) (5) 3)) (5)°986) . ' (J) (H: 2)) (E R
o
Determine the slope of the line connecting the po:.nts in eath part of
. Problem 2. ! ‘.

[ <.
. Y :
For each .of the following two ordered pairs state the ris'e and the . '

.

@

N

.

Equation of a Straight Line - Slope-Intercep‘t Form ’ . )

The starting point of the graph of the loaded beam relat:.on may have
differed from group to group.

vertical. axis.

Every straight line,
of this form.  The equation, - .

This is the point where the line intersects the
Thus, the "horizontal" coordinate of this point will be'zero. )

for any arbitrary _second peint

L1}

mf +bv. A % B . .

exc‘ept a vertical line, can be éiyex; an equation

o

.L'\
¥

N S

_amz +b

If we look.more carefully at the derivation -

This point has a special significance. Thig "

Since we have already said that this li’ne




-

cannot ﬂ a’'vertical line, we know that it can cross the vertical axis-in
" exactly one point whose coordinates are (0, b). This point is referred to as
the intercept. Looking again at the equation in this form, we note that the

factor m 1is the slope of the line and the term b is the intercept. Hence,
- this form of the equation of a straight line is called the "slope-intercept"
' Porm of the equation. ‘ : g .-

-

In Figure 12, we determined that the value.of the slope of the line was
E From the figure we see that the coordinates of ‘the vertical intercept are .
(0, 8) and

and the equation of this line is ‘ .
‘ .. PF % L + 8.

With this equation. we can predict position of. the pointer for any given load. -

What position would you predict for a load of 162 (Inﬂthis -case, ‘
. : I
. ’ “p = E.( 16) + 8 _ % '
or ' , - . ~
5(4) + 8 =28, ‘

?

The graph dld have an ord.ered pair (16 28) and we\ﬁee that this equation does
give us a method for fi nd'lng ordered pairs that are the coordinates of points

on the line..

If we refer 